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Abstract—In this paper, a novel approach based on non-
negative matrix factorization is applied for joint spectrum sensing
and primary user localization in cognitive radio networks. This
approach is robust and tolerant to sparse, yet strong interference
caused by malicious attack or false data injection. Simulation
results clearly indicate that the proposed method is highly
effective in yielding low localization error for various strengths
and degrees of sparsity of interferer. It is also shown that the
localization performance significantly increases with the number
of cognitive radios deployed.

Index Terms—Non-Negative Matrix Factorization, Weighted
Centroid, Robust PCA, Localization.

I. INTRODUCTION

Spectrum has always been a precious and scarce radio
resource for wireless communications. Cognitive radio [1] is
an innovative idea aimed at efficiently utilizing the spectrum
through Dynamic Spectrum Access (DSA). The critical step
for cognitive radio is to find the spectrum information related
to the primary user. Therefore, spectrum sensing has been
widely studied, especially for extremely low Signal-to-Noise-
Ratio (SNR) situations. However, in some cases, using only
the spectrum information cannot guarantee that the cognitive
radio is not interfering with the primary user. Hence, deriving
the geographical location of the primary user poses a challenge
on cognitive radio.

The contribution of this paper is to present a novel and
robust approach based on non-negative matrix factorization
for joint spectrum sensing and primary user localization in
cognitive radio networks. Joint spectrum sensing and primary
user localization for cognitive radio has been discussed in [2].
Compressed sensing has been used here with the assumption
that the number of primary users is small. In order to find the

location of the primary users, the area covered by the primary
users has to be discretized, and the primary users are assumed
to be located only at these discrete grid points. The resolu-
tion of localization is largely dependent on the discretization
granularity. In our approach, the weighted centroid method is
used for primary user localization based on range information
from cognitive radio to primary user. This approach bypasses
the discretization step mentioned in [2]. Weighted centroid
method is a computationally simple approximation algorithm,
but its localization performance is very accurate when a large
number of cognitive radios are deployed in a network.

Non-negative matrix factorization [3] is the main motivation
behind our approach. Non-negative matrix factorization is
one of the widely used methods for dimensionality reduction
in many applications. Therein, the underlying data can be
better modeled and interpreted by means of non-negative
components [3]. If X is a non-negative matrix, which means
that each entry in X is equal to or greater than zero, after
non-negative matrix factorization, X = UTV, where U and
V are both non-negative matrices, and T denotes the transpose
operator. Because of non-cooperation between primary users
and cognitive radios, as well as the spatial separation between
cognitive radios, we cannot get accurate phase information to
perform coherent signal processing and primary user sensing
among cognitive radios. However, power, which is a non-
negative value, is easily obtainable information. Hence, the
non-negative matrix X is formed using the primary user’s
power information which is obtained from all cognitive radios.
The novelty of our approach lies in the exploitation of the
physical meaning behind the U and V matrices as non-
negative factors of the received power matrix X.

The rest of the paper is organized as follows. In Section



II, system model and problem formulation are described. The
robust approach based on non-negative matrix factorization,
and the weighted centroid method for primary user localization
is presented in Section III. Simulation Results are given in
Section IV. One localization experiment is shown in Section
V, followed by conclusions in Section VI.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Assume there are K primary users. Each primary user has
M orthogonal communication channels. The central frequency
for each communication channel is fm, and the transmitted
power for primary user k in communication channel m is
pk,m. The location of primary user k is (xk, yk). There are N
cognitive radios. The location of cognitive radio n is (an, bn).
Hence, the distance between primary user k and cognitive

radio n is dk,n =

√
(xk − an)

2
+ (yk − bn)

2.
Assume K << N , which means that the number of primary

users is much smaller than the number of cognitive radios.
Furthermore, free space path loss is taken into account in this
paper. Therefore, the total power received by cognitive radio
n in communication channel m is,

Pm,n =

K∑
i=1

pk,m

(
c

4πdk,nfm

)2

(1)

where c is the speed of light.
Let X be (X)m,n = Pm,n, where (X)m,n represents the

entry in X at the mth row and nth column. Let U be

(U)k,m = pk,m

(
c

4πfm

)2
, and V be (V)k,n = 1

(dk,n)
2 . The

matrix representation of Eq. 1 is

X = UTV (2)

III. ROBUST NON-NEGATIVE MATRIX FACTORIZATION
FOR PRIMARY USER LOCALIZATION

In this section, a robust non-negative matrix factorization
approach is presented for primary user localization.
Determining the position of the primary users in the
presence of strong and sparse interference is divided into 3
steps as described below. In the first step, the proposed robust
non-negative matrix factorization approach is employed
to recover the low-rank matrix L = UTV from a sparse,
but strong interference matrix. Even if L is successfully
recovered, there is no guarantee that its non-negative matrix
factors Û and V̂ are equal to the original U and V matrices,
respectively. This is because non-negative matrix factorization
has multiple solutions. As a result, some prior information
is utilized to recover the original U and V matrices in
step 2. After the original U and V matrices are recovered,
the weighted centroid method is employed in step 3 for
determining the position of the primary users.

A. Non-negative Matrix Factorization Combined with the In-
exact Augmented Lagrange Multiplier Method

Non-negative matrix factorization refers to the decomposi-
tion of a non-negative matrix X into its non-negative factors U

and V. In this paper, the concept of non-negative matrix fac-
torization is combined with the Inexact Augmented Lagrange
Multiplier method described in robust PCA algorithm [4] to
recover the low-rank matrix L from its corruption with a strong
and sparse interference matrix S. Therefore, the matrix X as
shown in Eq. 2 becomes

X = UTV + S = L + S (3)

The robust non-negative matrix factorization algorithm is
summarized in Algorithm 1.

Algorithm 1 Robust non-negative matrix factorization
1: Specify the robust norm ‖·‖r.
2: Choose the parameter λ.
3: while not converged: do
4: Solve the non-negative matrix factorization problem

L = arg min
L

1

2
‖A−L‖22 ,A = X− S (4)

5: Solve for S

S = arg min
S

1

2
‖Y−S‖22+λ ‖S‖r ,Y = X− L (5)

6: end while

B. Non-negative Matrix Factorization using Prior Information
After recovering the low-rank matrix L, it is imperative to

recover the original factors U and V. To achieve this, the
basic non-negative matrix factorization algorithm is employed
utilizing some prior information in the original U matrix. In
our simulations, it is assumed that we know K columns in
the original U matrix, and this prior information is set as a
constraint in the non-negative matrix factorization algorithm.
In practice, this prior information corresponds to certain com-
munication channels which are common control channels or
broadcast channels, whose transmitted powers are fixed and
known.

C. Weighted Centroid Method for Primary User Localization

After recovering the original non-negative factors U and V,
the distance information dk,n contained in the V matrix has
to be recovered. Hence, we compute the matrix D = 1√

V
.

Subsequently, the weighted centroid method is applied for
locating the position of the primary users. From [5], the
location of the kth primary user (xk, yk) using the weighted
centroid method is given by the following equation:

(xk, yk) =

N∑
n=1

D−αkn ∗ (an, bn)

N∑
n=1

D−αkn

(6)

N is the number of cognitive sensors, and (an, bn) is
the known position of the nth sensor. α is a scaling factor
depending on the weighting function. In our simulations, α =
3 is used.



IV. SIMULATION RESULTS

In this section, the proposed robust non-negative matrix fac-
torization algorithm is applied to the the recovery of primary
user signals prior to localization in the present of sparse, yet
strong interference. In our simulations, the number of cognitive
sensors N = 250, the number of primary users K = 2, and the
number of orthogonal communication channels, M = 128. In
all the simulations, the SNR = 20 dB. Euclidean error in the
recovery of the low-rank primary user signal matrix is used
as a metric for evaluating the performance of the proposed
algorithm.

Fig. 1. Euclidean recovery error for low-rank primary user signal matrix vs.
σ

In the first case, the performance of the robust non-negative
matrix factorization algorithm is tested for different strengths
(σ) of the interference signal relative to the primary user
signal, and fixed degree of sparsity of interferer. The degree
of sparsity represents the fraction of entries in the observation
matrix X that are corrupted with interference. The Euclidean
recovery error vs. strength of interference (Signal to Interfer-
ence Ratios (SIR) from 0 dB to -27.95 dB), and degree of
sparsity of interferer = 0.01 (1%) is illustrated in Fig.1. Even
if the sparsity is 1%, it means that .01*128*250 = 320 entries
are corrupted with strong interference, which is a significant
amount, and will result in considerable localization errors if it
is not mitigated.

For the second scenario, the degree of sparsity of the inter-
ference matrix is varied from 10-50%, and the performance
of the robust non-negative matrix factorization algorithm is
evaluated for constant σ = 5 (SIR = -13.9794 dB). The
corresponding simulation results are shown in Fig.2.

Then the localization performances will be tested. Similar
to the simulation setup in [2], the primary users and sensors
are located in a (50 x 50) area, with resolution ∆x = 0.1, and

Fig. 2. Euclidean recovery error for low-rank primary user signal matrix vs.
Degree of Sparsity of interferer

∆y = 0.1. In all the simulations, the SNR = 20 dB. Normalized
localization error is used as a metric for evaluating the
performance of the robust non-negative matrix factorization
algorithm, and is given by the following equation:

Ek =

√
(
xk − x

′
k

xk
)2 + (

yk − y
′
k

yk
)2 (7)

Ek is the normalized localization error for primary user k.
xk and yk are the true coordinates, x

′

k and y
′

k are the derived
coordinates of primary user k, respectively.

It is worth mentioning that we could not compare the
simulation results with and without interference removal,
as the basic non-negative matrix factorization algorithm
described in step 2 of the previous section fails to converge
in the presence of interference. Hence, it was imperative
to first remove the interference using the proposed robust
non-negative matrix factorization approach in step 1,
before the basic non-negative matrix factorization can be
applied.
In the first case, the performance of the robust non-negative
matrix factorization algorithm is tested for different strengths
(σ) of the interference signal relative to the primary user
signal, and fixed degree of sparsity of interferer. The degree
of sparsity represents the fraction of entries in the observation
matrix X that are corrupted with interference. The Normalized
localization error vs. strength of interference, and degree of
sparsity of interferer = 0.01 (1%) is illustrated in Fig.3. Even
if the sparsity is 1%, it means that .01*128*250 = 320 entries
are corrupted with strong interference, which is a significant
amount, and will result in considerable localization errors if it
not mitigated.



Fig. 3. Normalized Localization Error vs. σ

From Fig.3, it can easily inferred that the performance of the
Robust Non-negative matrix factorization algorithm is highly
consistent over a wide range of Signal to Interference Ratios
(SIR) from 0 dB to -23.5218 dB.

Fig. 4. Normalized Localization Error vs. Degree of Sparsity of interferer

For the second scenario, the degree of sparsity of the
interference matrix is varied from 1-10%, and the performance
of the Robust Non-negative matrix factorization algorithm
is evaluated for constant σ = 5 (SIR = -13.9794 dB). The
corresponding simulation results are shown in Fig.4.

Fig. 5. Normalized Localization Error vs. Number of sensors

The simulation results in Fig.4 show that the performance
of the proposed algorithm is stable for different degrees of
sparsity of the interferer from 1 - 10%. In Figs. 3 and 4, the
simulation results are shown for Normalized localization error
< 0.1. In the third case, the Normalized localization error as
a function of the number of sensors deployed, is illustrated in
Fig.5. In this scenario, the degree of sparsity of interferer is
fixed at 0.05 (5%), and σ = 5 (SIR = -13.9794 dB). These
results clearly indicate that the Normalized localization error
significantly decreases with the number of sensors deployed,
due to increased utilization of spatial diversity (degrees of
freedom).

V. LOCALIZATION EXPERIMENT

Primary user localization is exactly target localization or
source localization. The target location can be identified by
the data fusion and processing for the physical measurements
from cognitive radio nodes. Usually, there are several types of
physical measurements that can be considered: Time Delay Of
Arrival (TDOA), Direction Of Arrival (DOA), and Received
Signal Strength Indicator (RSSI). These measurements can
be used to get the distance information between the target
and the cognitive radio nodes and further to derive the target
location information. In our experiment, the signal bandwidth
is restricted and the omni-directional antenna is used. So
the DOA information may not be measured accurately. And
the measurement of TDOA requires accurate time synchro-
nization which introduces more complexity to the cognitive
radio nodes. Meanwhile, the TDOA information cannot be
measured correctly for non-free space environment. Currently,
our experiment of source localization is based on energy
information which is similar to RSSI but featured by cognitive
radio technology.

A. Experiment Design and Setup

This source localization experiment is performed in an
indoor basketball field with width of 50 feet and length of
100 feet. It is not an ideal free space radio environment but
the multi-path impact is much less than the small scale indoor
office environment. So it is expected that the received signal
strength has some mono-relationship with the distance which
means the received signal should be stronger when the target
is closer.

All cognitive radio nodes are emulated on the WARP
platforms, as well as the target. We deployed 8 nodes at
different locations to form a rectangle with width of 30
feet and length of 46 feet. The target is placed within this
rectangle. All the WARP platforms are connected to the high
speed Ethernet switch to communicate with the computer on
which the MATLAB is running. Fig. 6 is the architecture
for this experiment. Fig. 7 is the picture of real experiment
deployment. The omni-directional antenna used for each node
is put on a support with height of 14 inches to mitigate the
impact from the radio reflection by the ground, as shown in
Fig. 8.



Fig. 6. Architecture for source localization.

Fig. 7. Real experiment deployment
for source localization.

Fig. 8. Cognitive radio node for
target localization.

NC-OFDM signal is applied to the target as the radio
transmitter. Some sub-carriers are suppressed before the ra-
dio signal is sent out. 5 baseband NC-OFDM symbols are
generated in the MATLAB and fed into the memory on
the WARP platform through Ethernet. The bandwidth of the
OFDM symbol is 10 MHz and the number of full OFDM
sub-carriers is 64. As the sample rate of the DAC in the
baseband on the WARP platform is 40 MHz, the duration of
each OFDM symbol is 6.4 µs. The signal transmission and
receiving are initiated by MATALB by different commands
but almost simultaneously to ensure all the transmitted 5
OFDM symbols can be received by each node. Then the
energies calculated for all the nodes can be used for data
fusion correctly. Fig. 9 is an example of the received 5 OFDM
symbols at one of cognitive radio nodes.

B. Experiment Result and Analysis

Once the energy received by each node is measured, a
weighted centroid localization algorithm is employed to derive
the location of the target approximately, by the equation as

Fig. 9. Example of received 5 OFDM symbols in cognitive radio node.

Fig. 10. Source target localization experiment result.

below:
(Xt, Yt) =

∑
Pαi ∗ (xi, yi)∑

Pαi
(8)

where (Xt, Yt) is the coordinate of the source target. (xi, yi)
is the coordinate of the ith node. Pi is the measured energy
at the ith node. α is the exponent parameter which can be
adjusted according to the specific experiment. In our current
experiment, α is set to 1

2.5 .
Fig. 10 shows the result of this experiment for one target at

the location with coordinate (20, 7) and the estimated location
is at (21.5, 6.5). We can see that the result is quite good if α
is set properly.

VI. CONCLUSIONS

A novel algorithm that combines the non-negative matrix
factorization approach with the Inexact Augmented Lagrange
Multiplier Method of robust PCA was presented. The proposed
method was applied to primary user localization in cognitive
sensor networks in the presence of sparse, yet strong interfer-
ence. The simulation results confirms the effectiveness of the
proposed method for a diverse range of strengths, and degrees
of sparsity of the interferer.
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